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The discontinuous crystallization process is simulated on a computer using various input kine-
tic parameters. The results of the simulation — the transient course of supersaturation and the 
crystal size distribution (CSD) of the product — markedly depend on kinetic parameters of nuclea-
tion and growth of the crystals. The CSD of the product can be expressed by semiempirical equa-
tions containing theoretically derived groups of system and process parameters. The transient 
course of supersaturation is expressed by a differential equation to which an empirical approx-
imate solution is proposed. 

The attempts to characterize discontinuous crystallization process have been numer-
ous in the li terature1 - 9 . In some of these papers theoretical relations have been 
derived characterizing for instance CSD of the product under certain simplifying 
assumptions regarding either the supersaturation or the course of nucleation. These 
assumptions were made for the sake of making the pertaining equations amenable 
to mathematical methods of solution. On the other hand it is quite uncertain to what 
extent these assumptions are met in practical batchwise crystallization process. Never-
theless, the obtained equations do offer certain means of evaluation of the crystal-
lization process and the possibility of assessing which of the quantities will affect 
the result of crystallization. 

The aim of this work is to ascertain the extent to which individual kinetic constants 
characterizing the system in question may affect the crystallization process and to at-
tempt correlation of the input parameters and the result of crystallization. 

THEORETICAL 

The Transient Course of Supersaturation 

The discontinuous crystallization process may be characterized by the following 
differential balance of supersaturation 

d Awjdt = s - kGA Aw* - Awn , (7) 

where all terms are functions of time. If the temperature during crystallization follows 
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Discontinuous Crystallization Process 2593 

the course given by 

the supersaturation rate may be written as 

s = X(T0 - Te) tx~1t~x . (3) 

Neglecting the temperature dependence of the kinetic parameters one still has to spe-
cify the transient growth of the surface area of the crystals 

A = J L2(t) dt (4) 

where N(t) and L(i) are functions of supersaturation 

N(t) = kN Aw
a(t)jocQc L 3 , (5) 

L(0 = LN + [fcoAW«(0/3acc]. (6) 

Analytical solution to the above integro-differential equation has not been known3 

which has lead to the proposal of a numerical solution by steps7. In order that we may 
approximate the resulting time dependence of supersaturation by empirical relations 
the whole process must be subdivided into two individual parts: The ascending 
and the descending one separated by a maximum at a time fmax. Providing that we start 
from solutions of zero supersaturation and no seeding the formed supersaturation 
depends initially on time, namely 

With increasing supersaturation the crystals become more and more numerous 
and their surface area increases too, which ultimately causes the supersaturation 
to decrease 

— d Aw/dt ~ X Aw . (5) 

This means 

Aw ~ 0/*max)X exp ( - X f / 4 a x ) . (P) 

Let us therefore assume that the ascending part of the Aw — t curve may be generally 
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2594 Nyvlt : 

approximated by the following equation 

Aw = at* exp ( — bt), 

where x may take arbitrary adjustable values. 

F rom the condition for a maximum one obtains 

b = x/fmax > 

« = ( e x / C a x ) A w i n a x . 

Hence 

Aw/Awmax = (itltmaxy e
x ( 1 - t / t m a x ) [t g rmax] . 

After some arrangement to obtain a form convenient for calculation we have 

log (Aw/Awmax) = x . / ( f ) [f ^ fm a x] , 

whe re / ( f ) is given by 

f ( t ) = l o g — + f l - —V-303 
^max \ ' m a x / 

and takes the values shown in Table I. 

(10) 

(«) 
(«) 

(«) 

TABLE I 

Values of /( /) defined in Eq. (15) 

' / ' m a x - / ( 0 ' ' / ' m a x - f i t ) 

0 1 0 - 6 0 8 7 1 - 3 0 - 0 1 6 5 

0 - 2 0 - 3 5 1 2 1 - 4 0 - 0 2 7 8 

0 - 3 0 - 2 1 8 6 1 - 5 0 - 0 4 1 3 

0 - 4 0 - 1 3 7 0 1 - 6 0 - 0 5 6 8 

0 - 5 0 - 0 8 3 6 1 - 7 0 0 7 3 9 

0 - 6 0 - 0 4 7 9 1 - 8 0 - 0 9 2 5 

0 - 7 0 - 0 2 4 5 1 - 9 0 - 1 1 2 5 

0 - 8 0 - 0 0 9 9 2 - 0 0 - 1 3 3 8 

0 - 9 0 - 0 0 2 3 3 - 0 0 - 3 9 2 5 

1 0 0 - 0 0 0 0 4 - 0 0 - 7 0 2 2 

1 1 0 - 0 0 2 1 5 - 0 1 - 4 7 4 9 

1 - 2 0 - 0 0 7 8 1 0 - 0 3 - 3 4 7 8 
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The curve given by Eq. (13) or (14) is asymmetric and for t > tmaK approaches asympto-
tically Aw = 0. This course could obviously agree with the reality only in the ab-
sence of supersaturating the solution. At the supersaturation rate increasing according 
to Eq. (5), however, the supersaturat ion steadies down to reach the final value Aweq 

and for the end of the experiment one can write that 

se = kGAe Aw®. (16) 

The balance of supersaturation ( / ) then takes the following approximate fo rm 

d Aw/dt = kGAe(Awg - A w f ) + kN Aw^ . (17) 

Assuming that supersaturation Awe is sufficiently low to make nucleation negligible 
one obtains for the frequent case of g = 1 that 

Aw — Awe ~ exp ( — kGAt) , (18) 

Awmax - Awe ~ exp (~kGAtmax) , (19) 

Aw — Awe 

Aw — Aw 1—* r ' rr» Q Y 1—" ' ' f 

exp ( — kGAtmaK(l - tltmax)). (20) 

Considering that the supersaturat ion rate varies with time according to Eq. (3) one 
can write with respect to Eq. (7) that 

Aw — Awe 

Awmax - Awe 

/ _ L . y e r d - t / w , ( 2 / ) 

V ^ m a x / 

or 

l p A . - A w , = y ^ { 2 2 ) 

Awmax - Awe 

and compare the last two equations with Eqs (13) and (14). 

The equations of both curves are formally similar and differ only in the value of the 
exponent x or y and the limiting value Awe. Their characteristics are the position 
of the maximum (tmax, Awmax) and other points such as the inflection point 

^ ^ ( 1 + x-1'2), (23) 

log (Awj/Awmax) = x/log (1 ± x " 1 / 2 ) ± 0-4342x~ 1 / 2) . (24) 
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2596 Nyvlt: 

The last equation may be approximated by 

Awi/Anw = 0-6 + 0 -135* - 1 ' 2 (t{ > tmax) . (25) 

The Crystal Size Distribution of the Product 

The relations describing the CSD of the product of a discontinuous crystallizer 
obtained under certain simplifying assumptions were summarized in the preceding 
paper4. On the assumption of constant rate of nucleation throughout the process 
we have obtained 

(Lmax/LN)1 + 3^ = Btl-*'"ml>\ (26) 

where 

B = (4-5)g/n M/(3/ (3ae c L N /c j f ) . (27) 

The distribution function of the size of the crystals is described by 

M(L) = 100[1 - (L/Lm a x)4] . (28) 

For the case of a spontaneous nucleation at the onset of the crystallization process we 
have derived 

(Lmax/LN)2 [(Lmax/LN) - 1] » | (n + 1) (T0 - Te)/ATmax (29) 

and for the distribution function of the crystal size 

M(L) « 100(1 + z + z2l2 + Z3/6) exp ( - z ) , (30) 

where 
z = (L- LN)l(kLLte). (31) 

I f the approximations 

mc * (T0 - Te) . (dwJdT) , (32) 

mN ~ 2(n + I)" : 1 ATmax . (dweq/dT) (55) 

used in the derivation of Eq. (29) are substituted back together with 

Lmax ~ Ln = KPe = K • (J^gP Awg/3a^c) te (34) 

one obtains 

( J w / ^ n ) 2 ( M Aw%kLl3<XQcLn) = f(mc/mN) . (55) 
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The distribution function can be shown to take then the form 

mc * 2
9(3jkLY Nagcl}_ (36) 

and since 
mN = NccqcLx (37) 

one obtains 
kGP Awetekhj3aqcLn « 8LmaxjklLN . (JS) 

From the viewpoint of the kinetics of nucleation the average supersaturation may be 
approximated from 

mN « fcN Awate (39) 
and with regard to Eqs ( 3 6 ) and ( 3 7 ) one can write 

{ k,lh(ijkLf J K ' 
On substituting into Eq. ( 3 8 ) and after some arrangement we have 

( L m j L N y + 3«/» * k ^ + g / n ) / ( 2 3 . 6 g / n ) . (47) 

Comparing the result with Eq. ( 2 6 ) derived for entirely different conditions one finds 
that the two equation differ only by the coefficient. It may be therefore expected 
that for other so far uninvestigated conditions of batchwise crystallization the fol-
lowing equation would hold 

( W ^ ) 1 + 3B/n = f (B , mc, tt, g/n) . (42) 

Simulation of Experimental Data 

A series of discontinuous crystallization experiments was simulated on a Minsk computer using 
the program described in the preceding communication7 . Similarly as in the earlier communica-
tion the system was characterized by the following constants: 

a = 0 - 4 5 ; > 5 = 3 - 8 ; qc = 1985-0; c a = 4 - 1 5 . 1 0 6 ; 

£ • , = 8 624-7; LN = 1 . 1 0 " 4 m ; <7=1-0 ; £ G = 3000; EN = 0 . 

Other constants of the system ( k G , n ) were varied in such a manner as to ascertain their 
effect on the course of crystallization. The nucleation order was varied simultaneously with the 
constant of nucleation so as to keep the rate of nucleation = Awn approximately constant 
The values of the selected parameters are summarized in Tables II and III. 
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TABLE II 

Summary of Simulated Experiments without Seeding 

kG n B LmjLN 

1 240 5-48 1-65 3-71 101-8 10 3 
2 240 0-548 1-65 3-71 10-18 6 1 
3 240 54-8 1-65 3-71 1 018-0 23-5 
4 240 5-48 0-165 3-71 1896 12-7 
5 240 5-48 16-5 3-71 54-8 8-6 
6 240 5-48 0103 1-71 707-9 8 0 
7 240 5-48 0-413 2-71 187-3 9-3 
8 240 5-48 6-6 4-71 71-6 10 9 
9 240 5-48 26-4 5-71 57-0 115 

11 120 5-48 1-65 3-71 101-8 4-7 
12 120 0-548 1 65 3-71 10-18 2 0 
13 120 54-8 1-65 3-71 1 0180 160 
14 120 5-48 0-165 3-71 189-6 6-7 
15 120 5-48 16-5 3-71 54-8 4 0 
16 120 5-48 0-103 1-71 707-9 4 0 
17 120 5-48 0-413 2-71 187-3 4-3 
18 120 5-48 6-6 4-71 71-6 5 0 
19 120 5-48 26-4 5-71 57-0 5-3 

The crystallization process was characterized by the following numerical constants: 

X=3 ; te = 120 or 240 min ; T0 = 40-0 ; Te = 30 0 . 

No seeding was considered except for one test series of experiments when we took: m0 = 0-005; 
L0 = 5 . 1 0 - 4 m. The length of the time step was taken 12 s, which proved in the preceding 
runs 7 , 9 to be satisfactory from the standpoint of the stability of numerical solution. 

The results of the runs are plotted in Figs 1 through 5 and some of the data are given in Tables 
II and III. 

DISCUSSIO N 

All c o m p u t e r runs were carr ied ou t wi th the same cool ing p r o g r a m given by Eq . (2) 
wi th X = 3. I t is no t t he re fo re surpr is ing t h a t the t rans ien t deve lopmen t of super -
s a tu r a t i on exhibi ts a very similar course . T h e extent to which the curve fo l lows Eqs (13) 
a n d (22) can be assessed f r o m Fig. 3 p lo t t ing Aw/Awm a x as a f u n c t i o n of tjtmm f o r t h e 
d a t a f r o m the r u n 11 a n d c o m p a r e d with the theore t ica l curves (13) a n d (22) f o r 
cond i t i on t h a t 

Awe = Avvj/2 . 
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TABLE II 

(.continued) 

'max Awmax 103Lmax (43) 103Z,max (44) ALmax (43) ALmax (44) 

104 0 1 0 9 0-96 1-02 0-07 0-01 
132 0 1 8 2 0-26 0-54 0-35 0-09 
76 0 0 4 9 3-43 1-92 1 0 8 - 0 - 4 3 

116 0 1 6 8 1 36 1-21 - 0 - 0 9 0-06 
88 0 0 6 7 0-68 0-86 0 1 8 0-00 
84 0 048 0-81 0-84 - 0 - 0 1 - 0 - 0 4 
96 0 081 0-90 0-74 0-03 - 0 - 0 1 

104 0 1 3 0 1-02 1-07 0-07 0-02 
112 0 1 4 7 1 0 6 1 1 2 0-09 0-00 

60 0 1 5 2 0-48 0-47 - 0 - 0 1 0-00 
76 0-242 0-14 0-25 0-06 - 0 - 0 5 
44 0 0 7 2 1-72 0-89 - 0 1 2 + 0-71 
68 0-239 0-68 0-56 - 0 - 0 1 0-11 
52 0-091 0-34 0-40 0 0 6 0-00 
54 0-084 0-40 0-40 0-00 0-00 
56 0-124 0-45 0-44 - 0 0 2 - 0 - 0 1 
60 0-172 0-51 0-49 - 0 - 0 1 0-01 
62 0-187 0-53 0-51 0-00 0-02 

TABLE I I I 

Summary of Simulated Exper iments with Seeding 

N o 'e k N n -^max / L N 'max A m W 

21 240 5-48 1-65 3-71 10-2 100 0-106 
22 240 0-548 1 65 3-71 6-2 140 0 1 8 2 
23 240 54-8 1-65 3-71 24-8 84 0-028 
24 240 5-48 0-165 3-71 12-5 120 0-160 
25 240 5-48 16-5 3-71 8-7 92 0-066 
26 240 5-48 0-103 1-71 8-0 88 0-047 
27 240 5-48 0-413 2-71 9-3 100 0-080 
28 240 5-48 6-6 4-71 1 1 0 112 0-127 
29 240 5-48 26-4 5-71 11-4 116 0 1 4 3 
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2600 Nyvlt : 

As may be apparent the simulated experimental data are satisfactorily fitted by the 
above equations for the values of the adjustable parameters x = 12 and y = 45 
with that the times closer to t m a x are better described by higher x and y while the times 
close to zero are better described in the limit by the value x = X = 3. For times 
t ^ 'max the optimum value of y would be also lower than the mean 45. Similarly 
one could correlate also the other curves. Owing to the character of Eqs ( 1 3 ) and (22) 
being only very rough approximation it would not be sensible to attempt to cor-
relate x or y with the system parameters. 

An attempt to correlate Awmax with Lmax/LN yielded a very interesting dependence 
shown in Fig. 4. Undoubtedly the points corresponding to the runs with the same 
k G lie very closely on straight lines characterized by the time of duration of the batch 

FIG. 1 

The Effect of Kinetic Parameters on the Transient Course of Supersaturation 
The curves correspond to runs A 2, 4, 1, 5, 3; 8 9, 8,1,7,6; C 22, 24, 21, 25, 23; D 29, 28, 21, 27, 

26; £19,18,11,17, 16; F12,14, 11,15, 13. 
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Discont inuous Crystallization Process 2601 

process, te. Surprisingly enough, on the same straight lines (fe = 240) appear the 
points from the runs both with and without seeding. As definite outliers appear 
the experiments with different value of kG interconnected by broken line. 

Processing the data of Lmax using Eq. (42) revealed that a correlation with B1'2 

(Fig. 5) gives a better fit than the anticipated correlation of (LmaxjLN)1 + 3e,n with B. 
A multiple regression according to Eq. (42) for both alternatives yielded 

( W ^ ) 1 + 3g/n = £(fe/l20)1 + 3g/n , (43) 

(Lmax/LN)1 + 3 ^ = Bl/2(tJmy-2 + 3e,a m°'6 - g / n . (44) 

The results of the calculation using the last two equations are summarized in Table II 

0-15 
A w 

(MO 

005 

0 

0-15 

0-10 

005 

0 

0-2 

0-1 

0 50 100 150 200 0 50 100 150 , 200 

FIG. 2 

The Effect of Kinetic Parameters on Granulometr ic Composi t ion of the Product 
The curves correspond to runs A 2, 5, 1, 4, 3; 8 22, 25, 21, 24, 23; C 12, 15, 11, 14, 13; D 16, 17, 

11, 18, 19; £ 6 , 7, 1, 8, 9; F 26, 27, 21, 28, 29. 
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and compared with the simulated experimental values. The equations fit the experi-
mental data with the following average deviations of Lmax: 

Eq. (43) Eq. (44) 

Run 1 - 9 0-22 . 10" 3 0 07 . 10" 3 

Run 1 1 - 19 0-03 . 10" 3 0-10 . 10~3 

Run 1 - 19 0-125 . 10~3 0 09 . 10"3 

Clearly, Eq. (43) provides an excellent fit for experiments with a shorther time te, 
but a rather poor fit on kG for experiments with te ='240. In contrast, Eq. (44) 
fits both experimental runs with comparable accuracy. 

1-5 ,/, 2-0 '/'max 

FIG. 3 

Comparison of the Transient Course of Super-
saturation (Run 11) with Theoretical Curves 
Computed from Eqs (13) and (22) 

FIG. 4 

Size of the Largest Crystals of the Product as 
a Function of Maximum Supersaturation 

logS 

FIG. 5 

Plot of y = log (Lmax/LN)1 + 3 8 /" versus log B 
Solid straight lines have the expected 

slope equal unity; broken straight lines 
have a satisfactory slope equal 0-5. 
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Generally it may be concluded that increased rate constant of growth leads to smal-
ler values of supersaturation and a substantial increase of the crystals of the product . 
A similar though less conspicious effect exercises a decrease of the nucleation constant. 
Decreased nucleation order brings about smaller supersaturation as well as smaller 
crystals of the product . 

Thanks are due to Dr M. Broul, Research Institute of Inorganic Chemistry, Usti n. L., and 
Dr P. Novak, Computer Center of University of Agriculture, Prague - Suchdol, for their assistance 
in debugging the computer program and the computations on the Minsk computer. 

LIST OF SYMBOLS 

A surface area of crystals (m2/kg0) 
Ac surface area of crystals at the end of charge (m2/kg0) 
a constant defined by Eq. (12) 
B system constant defined by Eq. (27) 
b constant defined by Eq. (II) 
ca constant characterizing solubility7 

EG activation energy of growth (kcal/mol) 
£ n activation energy of nucleation (kcal/mol) 
ES energy parameter characterizing temperature dependence of solubility (kcal/mol) 
/ function defined by Eq. (42) 
f ( t ) function defined by Eq. (15) 
g exponent in kinetic equation of growth 
kg0 kg of free solvent 
kG rate constant of growth (kg1 - g kg^ m i n - 1 m - 2 ) 
kN rate constant of nucleation (kg/kg0) 1 - n m in - 1 ) 
kh coefficient in Eq. (31) 
L size of crystals (m) 
.Lmax size of the largest crystals (m) 
L0 size of seeds (m) 
L n initial size of crystals (m) 
M(L) cummulative distribution function of crystal size (% oversize) 
mc mass of crystals (kg/kg0) 
mN mass of initial crystals (kg/kg0) 
m0 mass of seeds (kg/kg0) 
N number of crystals 
N numerical rate of nucleation (kgg 1 min - 1 ) 
n exponent of kinetic equation of nucleation 
s supersaturation rate (kg/kg0 min) 

supersaturation rate at the end of run (kg/kg0 min) 
T temperature (°C) 
T0 initial temperature (°C) 
Te final temperature (°C) 
AT'max maximum undercooling (K) 
t time (min) 
te duration of run (min) 

/ jnax time coordinate of maximum supersaturation (min) 
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/ j time coordinate of inflection point on supersaturation curve (min) 
w concentration (kg/kg0) 
Aw supersaturation (kg/kg0) 
weq solubility (kg/kg0) 
Awe steady state supersaturation (kg/kg0) 
Awj supersaturation at time t{ (kg/kg0) 
Awmax maximum supersaturation (kg/kg0) 
X exponent characterizing the course of cooling 
x adjustable parameter 
a adjustable parameter 
z dimensionless size of crystals defined by Eq. (31) 
a volume shape factor 
[} surface shape factor 
QC density of crystals (kg/m3) 
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